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Abstract. Let K be a field of positive characteristic p and KG the group 
algebra of a group G. It is known that if KG is Lie nilpotent then its upper 
(or lower) Lie nilpotency index is at most \G'\ + 1, where \G'\ is the order of 
the commutator subgroup. The class of groups G for which these indices are 
maximal or almost maximal have already been determined. Here we determine 
G for which upper (or lower) Lie nilpotency index is the next highest possible. 



1. Introduction and results 

Let R be an associative algebra with identity. The algebra R can be regarded 
as a Lie algebra, called the associated Lie algebra of R, via the Lie commutator 
[x,y] = xy — yx, for every x,y G R. Set [xi,...,x n ] = [[xi, ■ ■ ■ ,x n -i],x n ], where 
xi, . . . ,x n G R. The n-th lower Lie power iiM of R is the associative ideal generated 
by all the Lie commutators [x\, . . . , x n ], where i?W = R and x\, . . . ,x n G R. By 
induction, we define the n-th upper Lie power of R as the associative ideal 
generated by all the Lie commutators [x, y), where x S , y £ R and R^ = R. 

An algebra R is called lower Lie nilpotent (respectively upper Lie nilpotent) if 
there exists m such that R^ = (i?( m ) = 0). The minimal integers m,n such 
that i?!" 1 ! = and R^ = are called the lower Lie nilpotency index and the upper 
Lie nilpotency index of R and these are denoted by and t L (R), respectively. 

We would like to mention that N. Gupta and F. Levin [9] have given an example 
of algebra R for which tL^R) = 3 but R is not upper Lie nilpotent. Moreover in 
that paper, it was shown that if R is a lower Lie nilpotent ring of class n, then the 
unit group U(R) is nilpotent of class at most n. 

An algebra R is called Lie hypercentral if for each sequence {a^} of elements of 
R there exists some n such that [ai, . . . , a n ] = 0. 

Let U(KG) be the group of units of a group algebra KG. For the noncom- 
mutative modular group algebra KG the following Theorem due to A. A. Bovdi, 
LI. Khripta, I.B.S. Passi, D.S. Passman and etc. (see [H[rTJ[r5]) ^ s wen known: 
The following statements are equivalent: (a) KG is lower Lie nilpotent (b) KG 
is Lie hypercentral; (c) KG is upper Lie nilpotent (d) U(KG) is nilpotent; (e) 
chai^-ftT) — p > 0, G is nilpotent and its commutator subgroup G' is a finite p- 
group. 

It is well known (see [T7]) that, if KG is Lie nilpotent, then 
t L (KG) < t L (KG) < \G'\ + 1. 
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According to pQ, if chax(K) > 3, then t L (KG) = t L (KG). But the question of 
when th{KG) = t L (KG) for chai(K) = 2, 3 is in general still open. 

A.Shalev in [TB] began the study of the question when the Lie nilpotent group 
algebra KG has the maximal lower Lie nilpotency index. In [6] [16] was given the 
complete description of such Lie nilpotent group algebras. In [U [5] we obtained the 
full description of the Lie nilpotent group algebras KG with upper/lower almost 
maximal Lie nilpotent indices. 

Our main results in this paper are the following theorems. 

Theorem 1. Let KG be a Lie nilpotent group algebra over a field K of positive 
characteristic p. Then t L (KG) = \G'\ — 4p + 5 if and only if one of the following 
conditions holds: 

(i) p = 2, cl(G) = 2 and G' S G 2 x G 2 x G 2 ; 

(ii) p = 5, d(G) = 2 and G' = C 5 x C 5 . 
Moreover, t L (KG) = t L (KG). 

Theorem 2. Let KG be a Lie nilpotent group algebra over a field K of positive 
characteristic p. Then t L (KG) = \G'\ — 3p + 4 if and only if one of the following 
conditions holds: 

(i) p = 2, cl(G) =3, G' = C 2 x C 2 X C 2 and 73(G) is cyclic; 

(ii) p = 2, G'^C i xC 2 and 72 (G) 2 C 73(G); 

(iii) p = 5 ; d(G) = 3 and G' = G 5 x G 5 . 
Moreover, t L (KG) = t L {KG). 

Theorem 3. Let KG be a Lie nilpotent group algebra over a field K of positive 
characteristic p. Then t L (KG) = |G'| — 2p + 3 if and only if one of the following 
conditions holds: 

(i) p = 2, cl(G)=3, G' = C 2 xC 2 xC 2 and 73(G) = G 2 x G 2 ; 

(ii) p — 2, G' = (a) x (b) = G4 x G 2 and 73(G) is one of the following groups: 
(b), (a^)x(b), (a 2 6); 

(iu)p = 3 ; cl(G) = 3 and G' = G 3 x G 3 . 
Moreover, i L (^G) = t L (KG). 

Theorem 4. Lei ifG be a Lie nilpotent group algebra over a field K of positive 
characteristic p. Then 

(i) t^{KG) = \G'\ — 4p 4- 5 if and only if G and K satisfies one of the 
conditions (i)-(ii) of Theorem^ 

(ii) tL(KG) = \G'\ — 3p + 4 if and only if G and K satisfies one of the 
conditions (i)-(iii) of Theorem^ 

(hi) tL(KG) — \G'\ — 2p + 3 if and only if G and K satisfies one of the 
conditions (i)-(iii) of Theorem^ 

Finally, by Xiankun Du's and I. Khripta's Theorems ([HUH]) we get 

Corollary 1. Let KG be the group algebra of a finite p-group G over a field K 
of chsLi(K) = p > and U(KG) its group of units. Then the nilpotency class of 
U(KG) is equal to 

(i) |G'| — 4p + 4 if and only if G and K satisfies one of the conditions 
(i)-(ii) of Theorem^ 

(ii) |G'| — 3p + 3 if and only if G and K satisfies one of the conditions 
(i)-(iii) of Theorem® 
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(iii) \G'\ — 2p + 2 if and only if G and K satisfies one of the conditions 
(i)-(iii) of Theorem^ 

2. Preliminaries 

We use the standard notation: C n is the cyclic group of order n; ((G) is the 
center of a group G and (<?, h) = g~ 1 h~ 1 gh (g, h G G); 7i(G) is the z-th term 
of the lower central series of G, i.e. 

7i(G) = G, li+1 (G) = ( li (G),G) (i>l). 

Let K be a field of positive characteristic p, G a group and put 

S (m) (G) = Gn(l + KG^), (m>l). 

The subgroup £>( m )(G) is called the m-th Lie dimension subgroup of AG and by 
Theorem 2.8 (12 , p. 48) we have: 

r G if m = 0; 

(1) S (m+1) (G) = i G' if m = l; 

I (D (m) (G),G)(D (r?1+1) (G))P if to>2, 

where ["— ] is the upper integer part of 21. 

By [TJ] (see p. 46) there exists an explicit expression for £*( m+1 )(G): 

(2) £ (m+1) (G) = J] 7i(G) p< - 

Put = [D( fe )(G) : S (fc+1) (G)], where fe > 1. If AG is Lie nilpotent, such 
that |72(G)| = p™, then according to Jennings' theory [14] for the Lie dimension 
subgroups, we get 

(3) t L (KG) = 2 + (p-l)J2^d(m+i), 

m>l 

and it is easy to check that 

(4) ^ d (?n) = n - 

m>2 

For x,y, z S G we shall use the following well known formula 

(5) (x-y, z) = (x,z)(x,z,y)(y,z). 

We begin with the following results by A. Shalev (see Corollary 4.5 and Corollary 
4.6 of [T5] and Theorem 3.9 of QS]): 

Lemma 1. Let K be a field with char(A') = p > and G a nilpotent group such 
that \G'\= p n and exp(G') = p l . 

(i) If dr m +i) = and m is a power of p, then S( m+ i)(G) = (1). 

(ii) If d( m+ \) = and p^ 1 divides to, then D( m+1 )(G) = (1). 

(iii) Ifp > 5 and t L (KG) < p n + 1 tfien i L (AG) < p™" 1 + 2p - 1. 

(iv) If d (i+i) = /or some I < pm then d {pm+1) < d (m+1) . 

(v) //d( m+1 ) = then = for all I > to smc/i £/ia£ u p i(l) > v v \m), where 
u p i (x) is the maximal divisor of x which relative prime to p. 

Fist of all we proof the following: 
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Lemma 2. Let K be a field with char(-ftT) = p > and G a nilpotent group such 
that \G'\ = p n . Then t L (KG) = \G'\ — 4p + 5 if and only if one of the following 
condition holds: 

(i) p = 2, n — 3 and dm = 3; 

(ii) p = 3, n — 3 and dn) = e?(4) = d(e) = 1/ 

(iii) p = 5, n = 2 and dn) = 2. 

Proof. Let t L {KG) = \G'\—4p+5, where p = char(i^). If either n = 1 orp = n = 2, 
then according to Theorem 1 of [6], and to Corollary 1 of 0, we get t L (KG) >\G'\. 
So in the sequel we assume that either p = 2 and n > 3 or n > 2. 

Let p = 2, n = 3 and suppose that d(2) < 2. By ([2]) we have that t L {KG) > 6 > 
5, so only possible case is dp) = 3. 

Let p = 2, n = 4 and consider the following cases: d(2),dm S {1,2,3}. By 
(O, ([3]) and (i) of Lemma [1] it is easy to compute that one possible solution is: 
d(2) = d(3) = 1 and dm = 2 which in contradictions with (iv) of Lemma [TJ 

Now, let p = 2 and n > 5. We prove that d( p i +1 ) > for < i < n — 2. 

Suppose that <i(2"-2+i) = and d(2™- 3 +i) ^ 0. By (i) of Lemma [1] we have that 
®(2"-2+i)(G) = (1) and d (r) = for every r > 2 n ~ 2 + 1. Moreover, if d {q+1) ^ 0, 
then q < 2"~ 2 . According to ^ it follows that 

n— 3 n — 3 

t L (KG) = 2 + J2^ + T, 2l (rf(2-+i) - 1) + E <^+D 

n— 3 

< i + (i + E(d (2i+ i) - 1) + E • 2 "~ 2 

i=Q ?^2< 

= 1 + (1 + n - (n - 2)) • 2 n - 2 < 2" - 3, 

which is contradicts to t L (KG) = \G'\ — 3. 

Therefore d( p i+i) > f° r <i<n — 2 and by Q and (fj| there exists a > 2 
such that <i( Q+1 ) = 1, and 

n— 2 

t L (KG) =2 + ^2' + ad (a+1) = 1 + 2™- 1 + a. 
t=o 

Since i L (KG) = |G'| - 3, it must be a = 2™" 1 - 4. Put to = 2™- 3 - 1 and 
I — 4m. Since vyil) = vyim) and <i((2™- 3 -i)+i) = 0, by (v) of Lemma [T] we get 
d((2"-4)+i) = 0, a contradiction. 

Let now p = 3 and n > 4. Using the same arguments as in the previous case, 
we get d( 3 i +1 ) = d((3«-i_4) + i) = 1 for < i < n — 2. Since exp{G') < 3™" 1 
and 3 n ~ 2 \ 2 ■ 3"" 2 , by (ii) of Lemma[T]it yields that © (2.3—2+1) (G) = (1), so 
d((3»-i-4)+i) = 0, a contradiction. 

If n = 2, then by © we obtain that t L (KG) > 6 > 2. 

Let p = ri = 3. According to the case when p — 2 and n = 4, it is easy to check 
that d(2) = d(4) = <i(6) = 1 and the proof for p — 3 is complete. 

Let p = 5. The inequality t L (KG) = 5 n - 15 < + 9 is verified for n = 2. 
Suppose d( 2 ) = 1. According to (J3J) we get t L (KG) > 14 > 10. 

Finally, let p > 7. Since p^ 1 > 6, p n - 4p + 5 > p"" 1 + 2p - 1, so by (iii) of 
Lemma [1] it follows that this case is impossible. □ 
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Lemma 3. Let K be a field with char(A') = p > 3 and G a nilpotent group, such 
that \G'\ = p n andt L {KG) =p n ~4p + 5. Thenp = 5, cl(G) = 2 and G' G 5 xG 5 . 

Proof. Let char(is') = p > 3 and t L (KG) = p n - Ap + 5. Clearly, either (iii) or (iv) 
of Lemma [2] holds, so we consider the following cases: 

Case 1. Let p = n = 3 and d( 2 ) — <^(4) — <^(6) = 1- If cl(G) = 2 by Theorem 3.2 
of 0] we have that t L (KG) = t(G') + 1 < 12 < 20. So assume that cl{G) > 3. If 
exp(G') = 3 we obtain that £> (3) (G) = 73(G) and £ (4 )(G) = 74(G), so 73(G) = (1), 
a contradiction. 

Now let exp(G') = 3 2 . If cl(G) = 3 then D (2) (G) = 72(G) G 9 x G 3 and 
%)(G) = 73(G) ■ 72(G) 3 = {G 9 ,G 3 x G 3 }. 

If £>( 3 )(G) is not cyclic we have that £( 4 )(G) = (D (3 )(G),G) = £>( 3 )(G) which 
is impossible. In the other case, we obtain that 

2> (4 )(G) - (2) (3) (G),G) -2) (3) (G) 3 = D (3) (G) 

and again it holds that (S) (3 )(G), G) = £>( 3) (G). 

Finally suppose that cZ(G) = 4. Clearly D( 3 )(G) = 7 3 (G) and 

2) (4) (G) = (5) (3) (G), G) • 72(G) 3 = 74(G) • 72(G) 3 = 73(G), 

so 72(G) 3 C 73 (G) and by Theorem 111.2.13 ( 10J, p.266), we have that 73(G) 3 C 
74(G). Now £ (5) (G) = 74(G) • 73 (G) 3 = 74(G) and 

%)(G)= 75(G)- 73(G) 3 = 74(G), 

so 73(G) = Gg and S)( 7 )(G) = 73(G) 3 = D( 6 )(G), which is a contradiction. 

Case 2. Let p = 5, n = 2 and d {2) = 2. Obviously, 72(G) ^ G 5 xG 5 . If cl(G) = 3, 
then 2)( 3 )(G) = 73(G) ^ (1), a contradiction. □ 

Proof of the Theorem [TJ Follows from Lemmas [5} [3] The equality tL(KG) — 
t L (KG) is a consequence of (ii) of Theorem 3.2 of [3J. 



Lemma 4. Let K be a field with char(_fiT) = p > and G a nilpotent group such 
that \G'\ =p n . Then t L (KG) = |G'| — 3p + 4 if and only if one of the following 
condition holds: 

(i) p = 2, n= 3, d( 2 ) = 2 and d (3) = 1; 

(ii) p — 3 7 n = 3 and d( 2 ) = d(4) = ^(7) = 1/ 

(iii) p = 5, rt = 2 and d( 2 ) — <^(3) = !■ 

Proof. As in Lemma [5] we can assume that either p = 2 and n > 3 or n > 2. 

Let p = 2, n = 3 and suppose that d(2) = 1. By ([3]) we have that t L {KG) > 7 > 
6, so only possible case is d( 2 ) = 2 and by (i) of Lemma [1] the statement is holds. 

Let n > 4. Using the same arguments as in the proof of the Lemma [2] we obtain 
that d(2i+i) = rf((2"- 1 -3)+i) = 1 an d <%) = , where < i < n — 2, j ^ 2 l + l, 
j ^ 2"~ 1 — 2 and j > 1. The subgroup H = D( 2 n-i_2) (G) is central of order 2 
and from ^ it yields 

D (m+1) (G)/ff= [] 7,(G) 2 7^ 
(6) Ci - 1)2< ^ 

= n ^(G/i/) 2! =© (m+1) (G/fl). 

(j'-l)2i>m 
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Put 2 d w = [D (k) (G/H) : D {k+1) (G/H)} for k > 1. It is easy to check that 
d{2 i +\) — 1 an d <%) = 0, where < i < n — 2, j ^ 2 l + 1 and j > 1. 

Clearly, \<y 2 (G/H)\ = 2"- 1 and t L (K[G/H]) = \<y 2 (G/H)\ + 1. So by Lemma 
3 of [5] and by Theorem 1 of [5] the group 7 2 (G/7?) is either a cyclic 2-group or 
G 2 x G 2 . If 12(G/H) is a cyclic 2-group, then by (a) of Lemma 111.7.1 ([TU], p.300) 
we have that 72(G) is abelian, so it is isomorphic to either G 2 ™-i x C 2 or C 2 «. If 
72(G) is cyclic, then by Theorem 1 of [6] we get t L (KG) = (72(G)! + 1, so we do 
not consider this case. On the other hand, if j 2 (G/H) = G 2 x G 2 , then |7 2 (G)| = 8. 
Since there are no nilpotent groups with nonabelian commutator subgroup of order 
8 (see [7]), we can put that 72(G) = (a, b | a 2 " = b 2 = 1) = G 2 «-i x G 2 . 

According to (1) it holds 

%)(G) = 72(G), £ (3) (G) = 73(G) • (a 2 ). 

Since |£)( 2 )(G)/2)(3)(G)| = 2 we obtain one of the following cases: 
73(G) = (a), 73(G) - (ab), 73(G) = (6), 

73(G) = (a v b), 73(G) = (a 2 \b), (l<j<n- 2). 

We consider each of these cases: 

Case 1. Let either 73(G) = (a) or 73(G) = {ab}. Since 72(G) 2 C 73(G), by 
Theorem III.2.13 ([TO], p.266), we have that 7 fc (G) 2 C y k+ i(G) for every k > 2. It 
follows that 72(G) 2 = 74(G). Moreover, 73(G) 2 C 75(G). Indeed, the elements of 
the form (x, y), where x £ 72(G) and y £ G are generators of 73(G), so we have to 
prove that {x,y) 2 £ 75(G). By (5) 

(x 2 ,y) = (x,y)(x,y,x)(x,y) = {x,y) 2 (x,y,x)( x ' y} 

and (x 2 ,y), (x,y,x)^ £ 75(G), so (x,y) 2 £ 75(G) and 73(G) 2 C 75(G). Thus 
73(G)) = 2, a contradiction. 

Case 2. Let 73(G) = (b). Now, let us compute the weak complement of 73(G) 
in 72(G) (see [3], p. 34). It is easy to see that, with the notation of [3] (see p. 34) 

P = 72(G), H=(b), H\P 2 = {b} 

so u(b) = 2 and the weak complement is A = (a). Since G is of class 3, by (ii) of 
Theorem 3.3 ([3], p. 43) we have 

t L {KG) = t L {KG) = t( 72 (G)) + t{ l2 (G)/{a)) 

= 2' 1 - 1 +3 ± \G'\ - 2. 

Case 3. Let 73(G) = {a 23 b) with 1 < j < n — 2. Since = 1, by (TT]) we get 

%)(G)= 72(G), S) (3) (G) = (a 2 ,b), D (4) (G) = ((a 2 ,6),G)> 4 ), 

and D (4) (G) is one of the following groups: (a 2 ), (a 2 b), {a 4 ,b). 
Suppose that S( 4 )(G) = (a 2 ). Since e?( 4 ) = we have 

%)(G) = ((a 2 ),G) .D (3 )(G) 2 = «a 2 ),G) • (a 4 ) = (a 2 ). 

The last equality forces ((a 2 ),G) = (a 2 ) and so D^(G) — (a 2 ) for each k > 5, 
which is impossible. 

Now let S)(4)(G) = (a 2 b). Similarly, because d( 4 ) = 0, we get 

S) (4) (G) - D (5) (G) = ((a 2 b),G) ■ (a 4 ) = (a 2 b) 

and ((a 2 6),G) = (a 2 b) 7 which is impossible. 
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Finally, suppose that 23(4) (G) = ( fl4 ) x (b) and exists k < 2™~ 2 + 1, such that 
D(fc)(G) is cyclic. Using the same arguments of above, we obtain that 23( m )(G) ^ 
(1) for each m, which is impossible. 

Therefore 23( 2 »-2 +1 ) (G) = (a 2 " ) x (b). Since d( 2 n-2 +: n = 1 and ^(2"- 2 +2) = 0> 
by U) we get 

S(2- 2 + 2 ) (G) - (S) (a -» + i) (G), G) • S (2 ,-3 + 2) (G) 2 

= (2) (2 „- 2+1) (G),G) = H^ 2 = l); 
S (2 n- 2+3) (G) - (S (2 n- 2+2) (G),G) = ((uj),G) = (u). 

It follows that ((w),G) = (w) and 23 (fc) (G) = (w) for all k > 2 n ~ 2 + 2, again a 
contradiction. 

Case 4. Let 73(G) = (a 23 ) x (6) with 1 < j < n — 2. It is easy to check that this 
case is similar to the last subcase of the previous case. 
Therefore the case p = 2 is finished. 

Let now p = 3 and n > 4. Using the same arguments as in the previous case, 
we get d(3i + i) = d((3"-i-3)+i) = 1 for < i < n — 2. Since exp(G') < 3" _1 
and 3™" 2 I 2 ■ 3"" 2 , by (ii) of Lemma HI it yields that 23 ( 2 . 3 »-2 +1) (G) = (1), so 
d((3~-i-3)+i) = 0, a contradiction. 

Let p = 3 and n = 3. Similarly to prof of part (ii) of Lemma [21 we obtain that 
d(2) = d(4) = d(7) = 1, so this case is complete. 

For p = 5, the part (hi) of Lemma [T] gives only one possible case: n = 2, which 
follows that d(2) — 1 and d/gs = 1. □ 

Lemma 5. Lei K be a field with char(if ) = 2 and G a nilpotent group such that 
\G'\ = 2". Ift L (KG) = 2™ - 2, then either (1) or (ii) of Theorem^ hold. 

Proof. By (i) of Lemma [4] we have n — 3, <i( 2 ) = 2 and <i( 3 ) = 1. If 72(G) is 
elementary abelian, according to Theorem 1 and Theorem 1 of [5] we have that 
cl{G) = 3. If 73(G)! = 4, then it is easy to check d(2) = 1, a contradiction. 
Therefore 72(G) = G\ x G2 and the statement follows at once by easy calculation. 

□ 

Lemma 6. Let K be a field with char(A') = p > 3 and G a nilpotent group, such 
that |G'| =p n . Ift L (KG) =p n -3p+4 thenp= 5, cZ(G) = 3 and l2 {G) S G 5 xG 5 . 

Proof. Using the same argument of proof of Lemma [31 we obtain that p ^ 3. If 
p = 5 and n = 2, then c?( 2 ) = ^(3) = 1 and it follows that 72(G) is not central, 
so the proof is complete. □ 

Proof of the Theorem 2. Follows from Lemma [5J Lemma [6] and Theorem 
[1] The equality tt{KG) — t L (KG) is an immediate consequence of part (ii) of 
Theorem 3.2 by [3] and part (ii) of Theorem 3.3 by [3]. 

Lemma 7. Let K be a field with char(A') = p > and G a nilpotent group such 
that \G'\ — p n . Then t L (KG) = |G'| — 2p + 3 if and only if one of the following 
condition holds: 

(i) p = 2, n= 3, d( 2 ) = 1 and d( 3 ) = 2; 

(ii) p — 3, n = 2 and d( 2 ) = 2. 
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Proof. Let t L (KG) = \G'\ — 2p + 3. By (iii) of Lemma Q] we can assume that p < 3. 

Let p — 2 and n = 3. According to (i) of Lemma [21 (i) of Lemma [4] and ([3]) it is 
easy to check that d( 2 ) = 1 and d/^) = 2- 

If n > 4, then using the same technic as in the proof of Lemma [2] and Lemma [7] 
we obtain that d(2»+i) = d^-^-i) = 1 an d £%) = 0, where < i < n — 2, 
j^2 i + l, j^2"- 1 -l andj>l; 

Put m — 2 n 2 — 1 and I — 2m. Since rf((2"-=— i)+i) = and V2'(l) = v 2'{ m )i 
by (v) of Lemma[T]we get d((2«-i-2)+i) = 0, a contradiction. 

Finally, let p — 3 and n > 3. In this case as in proof of (ii) of Lemma [2l we 
obtain the contradiction and the proof is complete. □ 

Lemma 8. Let K be a field with char(.K') = 2 and G a nilpotent group such that 
\G'\ = 2 n . Ift L (KG) = 2" - 1, then either (i) or (ii) of Theorem^ holds. 

Proof. If n > 4, then the proof is the same of that used in Lemma for n > 5. So 
assume that n = 3. 

Therefore either 72(G) = C2 x C2 X C2 or 72(G) = G4 x G2. In the first case, 
part (i) of Theorem Q] and part (i) of Theorem [2] force that 73(G) to be of order 
4 and central. In the last one since |S3(2)(G)/S)(3)(G)| = 2 and 33(3) (G) = 
73(G) • 72(G) 2 we obtain that 73(G) is one of the following groups: 

73(G) = (a), 73(G) = (ab), 73(G) = (b), 

73(G) = (a 2 b), 73(G) = (a 2 , b). 

If 73(G) = (a) or 73(G) = (ab) the proof was made in Case 1 of Lemma |3l 

Let either 73(G) = (b) or 73(G) = (a 2 b). It is easy to check that in both cases 

the week complement of 73(G) in 72(G) (see [3], P-34) is A = (a) and t L (KG) = 

t L {KG) = 7. 

Finally, let 73(G) be noncyclic. Obviously, £>( 3 )(G) = 73(G) and 73(G) 2 = (1), 
so 33(4) (G) = (1) and the statement holds. □ 

Proof of the Theorem 3. Let K be a field with char(i^T) = p > 3. By Lemma 
[7] it holds that 72(G) is noncyclic of order 9. If p — 2 the statement was proved in 
Lemma [5] 

Proof of the Theorem g] Let p = 2 and t L (KG) = \G'\ - 2p + 3. Note that 
in 4,6,5 we obtained the description of Lie nilpotent group algebras KG with 
t L (KG) £ {\G'\- P +2, \G'\ + l}. Since t L (KG) < t L (KG) and |G'|-2jH-3 < 
|G'| -p+2 < \G'\ + 1, we have that 

t L (KG) e { |G'| -2p + 3, |G'|-P + 2, |G'| + 1 }. 

If t L {KG) e {\G'\ - p + 2, \G'\ + 1}, then according to [i E], respectively, 
we have that tL(KG) S {|G'| —p + 2, |G'| + 1}, a contradiction. Therefore 
^(XG) = |G'| - 2p + 3 and by Theorem G2 we get t L (KG) = t L {KG) and the 
description of groups G is done. 

Let p = 3. First, by © there is no if G with t L (KG) = \G'\ - 2s with s E N, 
because t L (KG) = 2 + 2(^ g>1 gd 9+ i) ^ 3™ — 2s. Using this remark, the proof is 
the same as for case p = 2. 

Now the proof of the parts (i) and (ii) of the Theorem|4]for p = 2 and p = 3 is the 
same. Note that for p > 5, the proof is a trivial consequence of the Bhandari-Passi's 
Theorem pQ. 
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